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The problem of integrating Kirchhoff’s differential equations [1] when they allow of a linear invariant relation with respect to
the main variables — the components of the angular momentum of a gyrostat and the unit vector of the axis of symmetry of the
force field, is considered. The initial system of equations is reduced to a second-order system using first integrals of the equations.
Under certain conditions, imposed on the parameters characterizing the geometry of the gyrostat masses and the potential and
gyroscopic forces, the integrating factor of the reduced equations is obtained. The solution of Kirchhoff’s equations obtained
contains four arbitrary constants and is determined for more general assumptions compared with existing solutions [2-4]. © 2006
Elsevier Ltd. All rights reserved.

In the dynamics of a rigid body with a fixed point, it is of considerable interest to investigate not only
the classical problem of the motion of a heavy rigid body [5, 6], but also various generalizations of it,
particularly the problem of the motion of a gyrostat acted upon by potential and gyroscopic forces and
the problem of the motion of a heavy rigid body in an ideal incompressible fluid [1-4, 8, 9]. This is due
to the fact that these two problems are mathematically equivalent, since they are described by Kirchhoff-
class differential equations [1, 7]. In view of this fact, the previously established cases of the integrability
of the equations of motion of a solid in a fluid (see the reviews in [5, 6] and also [3, 4, 9, 10]) can be
interpreted as solutions of the equations of motion of a gyrostat acted upon by potential and gyroscopic
forces [7]. Since the inverse assertion also holds, any new solution of the equations of motion of a gyrostat
[7] is also a new solution of Kirchhoff’s equations.

In the general case, the non-integrability of the Euler-Poisson equations was proved in [11] and the
non-integrability of the Kirchhoff-Poisson equations was proved in [8]. The problem of constructing
new particular solutions for these equations is therefore a pressing problem [6].

1. FORMULATION OF THE PROBLEM

Consider the differential equations of the motion of a gyrostat with a fixed point, in a force field, which
is the superposition of Newtonian, electric and magnetic fields, in the formulation proposed previously
in [7]

(X+A)Xax+axxXBv+sxv+vxCv (1.1

.
]

vV = vXxax (1.2)

where x = (xy, Xy, X3) is the angular momentum of the gyrostat v = (vy, v,, v3) is the unit vector of the
axis of symmetry of the force fields, A = (Ay, Ay, A3) is the gyrostatic moment, characterizing the motion
of the carrier bodies, s = (s1, 55, 53) is a vector codirectional with the vector of the generalized centre
of mass, @ = (a;) is the gyration tensor, constructed at a fixed point, B = (Bj) is a constant symmetrical
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third-order matrix, defining the gyroscopic forces, and C = (C;) is a constant symmetrical third-order
matrix, characterizing the potential forces.
Equations (1.1) and (1.2) have first integrals

X-ax-2(s-vV)+(Cv-v) =2E, v-(x+A)-(Bv- VW2 =k, v.v=1 (1.3)

Here E and k are arbitrary constants,
We will formulate the problem of determining the conditions for the existence in system (1.1), (1, 2)
of a single invariant relation

X —(8o+8 VI +8V2+83V3) = 0 (1.4)

where g; (i =0, 1, 2, 3) are constants to be determined.

For the problem of the motion of a body in a fluid the conditions for the existence of invariant relation
(1.4) were obtained in [4], but the integration of the Kirchhoff-Poisson equations was only carried out
in special cases [2, 3], where the version A = 0, s = 0 was investigated in [2] and the version A = 0 was
investigated in [3]. For the classical problem of the motion of a heavy rigid body, the equations of which
follow from system (1.1), (1.2) with A = 0, B = 0 and C = 0, the analogue of relation (1.4), namely,
x1 = 0, was investigated by Hess in [12]. A geometrical interpretation of Hess’ solution was given by
Kovalev [13]. Sretenskii extended this solution [14] to the case when A#0,B = 0, C = 0.

We will differentiate relation (1.4) by virtue of the scalar equations which follow from system (1.1),
(1.2), and we will require that the equality obtained, after substituting relation (1.4) into it, should be
an identity for any values of the variables x;,, x3, v, V5, v3. We then obtain the following conditions,
imposed on the parameters of the problem and the parameter g, (i = 0, 1, 2, 3)

ap =ay =0, ay=ay A =0, ajg-apk; =0, g, =By,
a138)—ap83+anB;; =0, a;38,+ayB); =0

a)383+ang +apBy; = 0, apg —apg;+apB, =0

$3 = 80(a13By3 +ay18,), 53 = 80(a,,83— 138, - a13Bp) (1.5)

0

Cip+gy(ay3By+ayg,) =0, Ci3+g(a;183-a,38,—a13B)

Cyt+ga(ag3—apg —apBy) =0, Cy+gs(anBy+a)g) =0
2 2

Cy—Cy3 = ay,(83-83) - a3(8:83+ 838y + 8,B3)

We will consider the version when a;3 = 0. Without loss of generality we can assume that s; = 0.
Then, putting a;; = a; (i = 1, 2, 3), we have from system (1.5)

a; =0 (i#j), a3=a, A=A =0, Byy=B3=0, By = By,

2
Cip=aB;3By, Cp=C;3=0, Cy3-Cyp=aB), s53=0 (1.6)
8 = 5)/(a\Byy), 8 =-Bp, g, =By, g =0

It follows from the conditions a; = 0, a3 = a, that the first coordinate axis, with respect to which the
linear invariant relation (1.4) is specified, is orthogonal to the circular section of the gyration ellipsoid.
The other equalities of (1.6) show that the vector of the gyrostatic moment is directed along the same
axis, while the vector s, in general, does not belong to it.

On the basis of conditions (1.6), relation (1.4) can be written as follows:

X; = 89— Bpv,+B,v, (1.7)
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Equations (1.1) and (1.2), with conditions (1.6) and (1.7), take the form

x.z = X3(ao+alvl +(X2V2)—(X3V3—0.13V1V3

X3 = —xy(Olg+ 0V + 0pVy) + 03V, + 03V V)
\71 = az(X3V2 - X2V3) (1.8)

. B By
V3 = @pX;V —~ 4189V + a1 BV V3 — 415V,

where

I}

ao go(al _a2) - 027\.1, (X.l = a2B“ - (al - az)B22

2 2
o, = a\By, Q3 = 5,+apgBy, ;3= Cp-Ch+aBj-aBy

We will take relations (1.6) and (1.7) into account in the integrals (1.3). We obtain

2 2 2 2 2 2
ay(x5+x3) =203V, —03vy = 2E;, Vvi+Vy+vy =1 (19)

XVy + X3V + (8o + M)VE = (Byy + Byp)Vi/2 = kg
Here
E = E‘(alg§+c33)/2, ky = k+ B,,/2

(E; and k, are new arbitrary constants).

Equations (1.8) have three first integrals (1.9), and hence their integration reduces to the integration
of a second-order system. We will find the integrating factor of this system using Jacobi’s integrating
factor theory [15]. This approach is usually employed when we know the additional first integral of system
(1.1), (1.2), since the Jacobi integrating factor in it is equal to unity. The following condition holds for
system (1.8)

za—y:;to

i=1
where
Yy =X Y= X3, Y3 =V, Ya =V Vs =V3

and Y; are the right-hand sides of system (1.8). Hence, the Jacobi integrating factor is a function of the
variablesy; (i = 1,2, ..., 5). In view of that the use of the general theory [15] is considerably, and hence
in this paper we will integrate system (1.8) by finding the integrating factor of the second-order reduced
system.

From the first and third relations of system (1.9) we have

o = a;V,0(V)) + V3, JA(V)) v = aVi0(V)) — Vo JA(V)) (1.10)
2 ay(1-v?) P ay(1-V?) '

where

2 3 4 (111)
A(vy) = dg+d,\ vy +dyvi+dyvi+d,v,
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Here

L
=)
J

dy, = ay[o;-2E, —02(804'7*1)2—02]‘1(311 + Bp)]

(1.12)

We introduce expressions (1.7) and (1.10) into the last three equations of system (1.8). We obtain

. . V Vo JA(V) +Vay(v,) V V3 JA(V)) = Vo p(Vy)
V1=—A/'A-(V—l), V2=12 1 3\V1,V3=13 122‘V1

1.13
1-v} 1-v7 (1.13)
Here
2 2 3
W(Vy) = a BV (1 =v))+ P(v)), P(Vy) = po+p v, + PV + PV
Po = 4180, Py = —ak;~aBy, p; = a)h +go(a,—a)) (1.14)

p3 = [2a,By, —ay(B;, + By,)]/2

Hence, the integration of Eqs (1.1) and (1.2) over invariant relation (1.4) reduces to integrating the
third-order system (1.13).

2. INTEGRATION OF SYSTEM (1.13)

We will introduce the variables ¢ and 6 instead of the variables v, v, and v;. By virtue of the geometrical
integral v + v3 + v = 1 we can write

vV, = cos®, v, = sinBcos@, v; = sinBsing (2.1)

We substitute expressions (2.1) into system (1.3). We obtain

de/dt = JA(cos0)/sin6 (2.2)
JA(cos8)sin0dg + [a, B ,sin Bcos@ + P(cos0)]d® = 0 (2.3)

Equation (2.2) defines the relation 6(¢). In general, it follows from this that v; = cos8 is an elliptic
function of time. To determine the function ¢(6) from Eq. (2.3) we specify the integrating factor of this
equation in the form

M(9,8) = [J/A(cosB)N(9,8)] ', N(9,0) = ¢,(8)sing + ¢,(6)cos® +¢5(8) (24)

where ¢;(0) (i = 1, 2, 3) are functions to be determined.
If the integrating factor (2.4) is found, Eq. (2.3) can be written in the form

V(. 9) 4, VO,

0) ,n .
%0 56 e =0 (2.5)

Here, by virtue of relations (2.3) and (2.4), we have put

aVv(o, 0) _ _sin6 oV(9,0) - a,B,zsin39cosq>+P(cose)
% N8 06 JA(cos8)N(¢, 6)

(2.6)
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Bearing these equations in mind, we can write the equality

’V(9,0) _ 3°V(g,6)

000¢ 0@d0
We have
JA(cos8)(}(8)sin® — ¢;(8)cosB) = a,B,,¢,(0)sin 0 2.7)
JA(cos0)(9}(8)sinB — ¢,(8)cosB) = @,(8)P(cosb) (2.8)
JA(cos8)(9)(0)sin® — ¢,(8)cosB) = a,B,,¢;(0)sin’0 — ¢,(8)P(cosB) (2.9)

To find the solution of system (2.7)~(2.9), by analogy with [2, 3] we put ¢;(8) = YV A(cos 8). Equation
(2.7) can then be simply integrated

¢3(0) = P(cosB)sin®, D(cosB) = x,-a,B;,cos0 (2.10)

where x; is an arbitrary constant. The solution of Eq. (2.8) will be found in the class of polynomials in
cos 0. It can be shown that, when p, = 0, it allows of the solution

©,(0) = —(p; +2p3)—p0cose+p3cos26 (2.11)

Hence, by virtue of the notation (1.14) we obtain, in addition to conditions (1.6), the constraint of the
parameters of problem (1.1), (1.2)

A, = gola; —ay)la, (2.12)

We introduce the expressions @;(8) = VA(cos ), (2.10) and (2.11) into Eq. (2.9) and require that
the equality obtained should be an identity in 6. Then, in view of the expression for A(v;) we obtain
from relations (1.11)

2,2 2
dy+d,-aiBy,+py+p(py+2p;) =0

252 2
d4+a|B|2+p3 = 0, d3—2a1312x0—2p0p3 =0

It can be shown on the basis of the notation (1.12), (1.14) and condition (2.12) that the system of
equations (2.13) is dependent and can be reduced to only two equations

a,(C3~Cy)) = a,(a,By, - a,B,,)Byy + a1 B, (2.14)
xg = la;80(a,By; —a,By) - ays5,1/(a,Byy) (2.15)

Hence, if the parameters of problem (1.1), (1.2) satisfy conditions (2.12) and (2.14), the differential

equation (2.3) allows of the integrating factor (2.4), where @;(8) = VA(cos8), 9,(8) and @;(6) are
expressed by formulae (2.10) and (2.11), while the parameter x, is defined by relations (2.15). The
constants E; and k4, occurring in the expression for d; from (1.12), remain arbitrary.

We return to system of equations (2.6). From the first equation of this system, in general, one can
obtain three versions of the result of the integration. They depend on the values of the quantity

Ho=( + 2p3)2+d0—x(2,
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Here we assume that the inequality iy > 0 is satisfied, which can be achieved by the choice of the arbitrary
constants £, and k,. Then, by virtue of relations (1.11) and (1.12), it follows from Eq. (2.2) that values
of the variable 6 exist for which the quantity A(cos 8) is not negative, i.e. 6(¢) is a real function of time.
When 1y > 0 we have

V(p,8) = ——In

T

H. (9, 0)

+ F(6) 2.16
H_(¢,9) (2.16)

where
H.(9,0) = h(e)iﬁl—otg“’%“((”, h(B) = ®(cosB) + py + D*(cosB)

¢,(cosB)
sineA/uO + d)z(cose)

while F(0) is a function which is found by substituting expression (2.16) into the second equation of
system (2.6)

a(8) = arccos

-a;Bpl(p, + 2p3) + poV, - pBV%]d\/
[Ho""DZ(Vl)]»\/A(Vl)

Hence, relation (2.5) takes the form dV (¢, 8) = 0, i.e. Eq. (2.3) allows of the first integral (¢, 8) = C
when conditions (2.12), (2.14) and (2.15) are satisfied, where C is an arbitrary constant. By virtue of
equalities (2.16) and (2.17) we can reduce it to the form

F8) = f(v(8) = [ (2.17)

H(©) Mo

e (C—f(cos9))] (2.18)

¢(0) = o(0) + 2arctg[

Consequently, in the solution constructed v, = cos8(¢) is an elliptic function of time, while the relation
© = ¢(0) is given by Eq. (2.18). After substituting these functions into Egs (1.7), (1.10) and (2.1), we
obtain the dependence of all the variables of problem (1.1), (1.2) on the time ¢. The solution obtained
depends on four arbitrary constants E, k, C and ¢,.

In conclusion, we note that Chaplygin [2] constructed a solution of Eqs (2.2) and (2.3) for the
conditions go = 0, A; = 0 and s; = 0, while Kharlamov [3] constructed a solution for the conditions
go=0andA; =0.
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